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Abstrat
A minimal (low-dimensional) dynamial model of the sawtooth osillations is pre-
sented. It is assumed that the sawtooth is triggered by a thermal instability whih
auses the plasma temperature in the entral part of the plasma to drop suddenly,
leading to the sawtooth rash. It is shown that this model possesses an isolated limit
yle whih exhibits relaxation osillation, in the appropriate parameter regime,
whih is the typial harateristis of sawtooth osillations. It is further shown that
the invariant manifold of the model is atually the slow manifold of the relaxation
osillation.
Key words: Tokamak, Sawtooth osillation, Limit yle, Nonlinear dynamis,
Dynamial model
PACS: 52.55.F, 02.60.Cb, 02.60.Lj
1 Introdution
Sawtooth osillations [1℄, ommonly observed in urrent arrying, magneti-
ally onned plasmas, are believed to be the result of resistive internal kink
mode i.e. (m = 1, n = 1) osillation. These osillations are haraterized by
a relatively slow rise of the eletron temperature in the entral region of the
plasma olumn followed by a rapid drop (the rash). This is a typial nature
of a stik-slip or relaxation osillation [2℄, where the stress is slowly built up
and then suddenly released after a ertain threshold, observed in many other
dynamial systems e.g. Portevin-Le Chatelier eet [3℄, a matter of interest in
material siene.
In this work, we propose a minimal (low-dimensional) dynamial model for
sawtooth osillation in tokamaks, based on a transport atastrophe due to a
thermal instability [4℄. Low-dimensional or low-order dynamial system i.e. a
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system of oupled ordinary dierential equations, has several advantages over
a detailed physial model of the atual system in the understanding of the
global behaviour of the system. These models beome powerful as they are
supported by well developed mathematial theories whih an be used to gain
insight into the qualitative behaviour of the system suh as bifuration and
stability [5℄. Several examples of these models an be found in the ontext of
understanding the behaviour of fusion plasmas ranging from the edge loalized
modes (ELM) [6℄ to plasma turbulene [7℄.
In spite of a great deal of experimental and theoretial researh, the sawteeth
in tokamaks ontinue to be a subjet of exploration. For example, though nu-
merial simulations [8℄ and some experimental results [9℄ suggest total reon-
netion within the safety fator q = 1 surfae during a sawtooth rash, there
are also experimental evidenes [10℄, whih indiate that q remains well below
unity during a sawtooth yle. Apparently, there have been several important
ontributions to the understanding of the sawtooth dynamis e.g. sawteeth
with partial reonnetion, based on turbulent transport [13℄. A Taylor relax-
ation model of the sawteeth has also been onsidered by Gimblett and Hastie
[14℄.
Here, we primarily fous on the dynamis of sawtooth osillations based on
a low-dimensional dynamial model. We rigorously prove that this dynami-
al model of the sawteeth based on thermal instability, besides apturing the
important physial aspets, does exhibit well dened, isolated limit yle osil-
lations, harateristis of self-exited relaxation phenomena like the sawteeth.
Alternatively, several authors have proposed Hamiltonian models [15,16,17℄,
whih however an have innite number of periodi solutions depending on
the starting points of the evolution with the same set of physial parameters,
whih is rather inonsistent with the universal nature of sawteeth for similar
experimental onditions. These models, despite having dissipation, possess a
onserved quantity muh like the Hamiltonian of a onjugate system.
In Setion II, we formulate the minimal dynamial model. In Setion III, we
analyse the bifuration and stability of the system, pointing out the existene
of an isolated and unique limit yle and its global stability. We omplete this
setion by proving the uniqueness of the limit yle where we demonstrate
the existene of an algebrai equation for the limit yle. Next, in Setion
IV, we address the issue of relaxation osillation and explore the parameter
regime where the limit yle exhibits sawtooth-like osillations. In Setion V,
with the help of a renormalization group method, we prove that the invariant
manifold of the dynamial system is indeed the slow manifold of the relaxation
osillation. In the Appendix, we outline the Hamiltonian approah to this
dynamial model.
2
2 Dynamial modeling of sawtooth osillations
Typial sawtooth osillations in small tokamaks (R0 = 1m) exhibit linear
growth of entral temperature with few milliseonds of duration and rapid
rash time of ∼ several miroseonds, in the Ohmi heating phase [18,19,10℄.
Although there are several other exoti ases viz. giant and monster sawteeth
[11,12℄, we shall limit our disussion to the simpler type of sawteeth with a
linear rise of the eletron temperature. The dynamial system, ontrolling the
sawtooth osillations of the entral eletron temperature, then an be written
as [4,15,20℄
3
2
n
∂Te
∂t
=E2‖σ‖ − νL(A, Te)nTe, (1)
∂A
∂t
= γ(Te)A, (2)
where Te is the entral eletron temperature expressed in energy units, A is
the amplitude of the osillation, νL(A, Te) is the rate of temperature redis-
tribution, and γ(Te) is the growth rate of the relevant mode. The ollisional
parallel ondutivity σ‖ ∝ T 3/2e . In the above equations, the partile density
n remains nearly onstant during the sawtooth yle, whih is onsistent with
experimental observations. We further note that in the ases of sawtooth os-
illations, we are going to onsider, the lassial diusion time [21℄ for the
plasma urrent within the q ≤ 1 volume, τJ = (r1/de)2/νei (where r1 is the
radius of the q = 1 surfae, de is the plasma skin depth, and νei is the eletron-
ion ollision frequeny), is one order of magnitude higher than the sawtooth
repetition time. For example, in the Alator C-Mod (MIT) mahine, typially,
τJ ∼ 80-400mse for Ohmi regimes [22℄, whereas the sawtooth period (rash
time being negligibly smaller than the period) τ
st
∼ 4mse. Therefore it an
be safely assumed that the urrent redistribution does not play any signi-
ant role and the orresponding E‖ remains onstant. We further assume that
the pressure redistribution parameter νL(A, Te) an be expressed with simple
power laws i.e. νL(A, Te) ∝ T αe Aσ, where α and σ are arbitrary onstants.
With these onsiderations, we note that the seond term in Eq.(1) is respon-
sible for the sawtooth rash. However, in absene of this term the general
solution of Eq.(1) is explosive. In partiular, it should inlude a loss term,
whih takes into aount all other losses e.g. radiation loss, eletron thermal
diusion [23℄, and neolassial loss [24℄ et. With a diusive loss term, Eq.(1)
an be rewritten as
3
2
n
∂Te
∂t
= E2‖σ‖ − ν0LnT αe Aσ −
3
2
nTe
τE
, (3)
3
0 5 10 15
1.6
1.8
1.7
t (ms)
T
e
(
k
e
V
)
Figure 1. A typial sawtooth yle in the Alator C-Mod (MIT) mahine (Shot No.
#960130034 [22℄).
where τE is the overall plasma energy onnement time inside the q = 1 surfae
and ν0L is a proportionality onstant. In fat, the presene of the diusive loss
term an be understood from the usual pressure gradient equation without
taking into aount the instability whih auses the ejetion of plasma energy
due to sawtooth rashes,
∂p
∂t
= SOh +∇ · χ⊥∇p, (4)
where p ∼ nTe is the plasma pressure, SOh is the Ohmi soure term i.e.
the heating power density per unit volume, and χ⊥ is the plasma thermal
ondutivity perpendiular to the magneti eld. Attributing all other losses
to this diusive term, we an write [26℄
(∇ · χ⊥∇) ∼ −τ−1E . (5)
Considering the fat that the plasma onnement time τE sales as ∼ a2/χD,
a being the minor radius of the torus and χD, a diusion oeient whih
obeys Bohm-like diusion, i.e. χD = ρiχB/a, where χB = Te/16eB, ρi is the
ion gyro-radius, and B is the ambient toroidal magneti led. Assuming that
Ti ≈ Te, the last term in Eq.(3) an be shown to sale as ∼ T 5/2e and Eq.(3)
beomes
3
2
n
∂Te
∂t
= E2‖σ‖ − ν0LnT αe Aσ − βnT 5/2e , (6)
where β is a onstant of proportionality. Note that the above relation of ele-
tron temperature evolution losely resembles the orresponding equation of
sawtooth model by Kubota et. al. [27℄, based on transport bifuration.
We now onsider Eq.(2) whih ontrols the amplitude evolution of the mode.
During one sawtooth yle of the prole shown in Fig.1, observed in the Al-
ator C-Mod mahine at MIT [22℄. Sine the sawtooth rash time is muh
smaller than the sawtooth growth time, the mode amplitude an be onsid-
ered to have a `spike-like' behavior. In the limiting ase, the spike beomes a
4
singularity and an be represented by a δ funtion,
A ∼ δ(t− t0), (7)
entered around t = t0. The orresponding relation for Te an be found out
from Eq.(1) as
Te = t− ξH(t− t0), (8)
where ξ is some onstant and H(t) is the Heaviside step funtion. This be-
havior of Te shows a perfet sawtooth with a rash ourring at t = t0 and a
disontinuity in Te. In pratie, the `spike-like' behavior of amplitude A an
be approximated by an exponential funtion,
A ∼ exp[−µ(t− t0)2], (9)
where µ is some large positive number. The orresponding Te is
Te ∼ t− ξ1
{√
2µ(t− t0)
}
+ ξ2. (10)
The related dierential equation in A is, therefore,
dA
dt
≃ −2µ(t− t0)A. (11)
The oeient of A on the right hand side of the above equation an be viewed
as γ(Te(t)). So the omplete set of dynamial equations an now be written as
3
2
n
dTe
dt
=E2‖σ‖ − ν0LnT αe Aσ − βnT 5/2e , (12)
dA
dt
= γ0
(
Te
Ts
− 1
)
A, (13)
where Ts is the threshold temperature for the onset of the relevant instability.
We would like to emphasize that the model proposed by Haas and Thyagaraja
[24℄, based on turbulent transport essentially redues to the above equations
when the neolassial losses are disarded (they have a exlusive term to take
are of the neolassial loss).
At this point, we would like to note that in reality, sawtooth osillations in
magnetially onned plasmas are result of evolution of a `driven-dissipative'
system. During a sawtooth yle, the plasma is heated by the urrent through
5
Ohmi dissipation whih is essentially lost to the environment after the plasma
breakdown or the sawtooth rash. The sawtooth is repeated as the plasma
urrent ontinues to dissipate energy into the plasma. Here, the plasma urrent
is the driving mehanism of the sawtooth osillation through whih, the energy
is being ontinuously dissipated. However, there is no driving soure in Eq.(12)
and the osillations represented by Eqs.(12-13) appears to be self-sustaining
i.e. a self heating  dissipating  feedbak  heating yle with a positive
and negative damping mehanism through the terms
(
E2‖σ‖ − βnT 5/2e
)
. The
justiation for Eq.(12) omes from the fat that we are looking only at the
power balane equation for the onned plasma [25℄, not at the full burn-
yle of the plasma onnement. So, as far as the plasma power balane is
onerned, we assume that there is a perpetual soure of energy in the form
of the plasma urrent provided externally through the loop voltage, whih
is the driving mehanism and an innite sink whih drains away the energy
dissipated through the sawtooth rash. As the whole yle repeats, the power
balane equation beomes self-sustaining.
We further note that during the sawtooth ramp phase, there is a denite
hange in the magneti onguration, whih rearranges itself after the saw-
tooth rash either through a partial or omplete reonnetion [23℄. As this
magneti reorientation auses the eletron temperature to drop during the
sawtooth rash, we have dynamially modeled this event by the seond term
(ν0LnT
α
e A
σ), in Eq.(12).
3 Stability and bifuration  limit yle osillation
In this setion, we examine the possibility of existene of periodi orbits of
Eqs.(12) and (13), in partiular existene of any limit set. This is to be viewed
in ontrast to the Hamiltonian formalism (see Appendix), whih always admits
periodi solutions, though the solutions are not unique.
We begin by expressing these dynamial equations in a generi dimensionless
form. The eletron temperature Te is normalized by the threshold temperature
Ts and dene x = Te/Ts. We further dene the other dimensionless quantities
as
2
3
ν0LT
α−1
s
SOh
Aσ = y,
2
3
β
SOh
T 3/2s = a. (14)
The quantity y denotes the normalized amplitude of the mode and the quantity
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Figure 2. Phase portrait of Eqs.(16) and (17). The arrows denote the diretion of
ow.
SOh is the Ohmi soure term orresponding to the threshold temperature Ts,
SOh =
2
3
E2‖σs‖
nTs
, (15)
the quantity σs‖ being the ollisional ondutivity at Te = Ts. With these
denitions, the set of Eqs.(12) and (13) an be written in a generi form as
x˙= x(3/2)(1− ax)− xαy, (16)
y˙= ρ(x− 1)y, (17)
where ρ = σγ0/SOh. Note that in writing these equations we have re-saled
the time as t → SOht. As we shall see shortly that the onstant a < 1 while
ρ whih is related to the growth rate an be quite large i.e. ≫ 1. The dots
represent the derivatives with respet to the resaled time t.
In order to examine the bifuration diagram of Eqs.(16) and (17) and existene
of limit yle osillation, it is instrutive to onstrut a phase portrait of the
equations, whih is shown in Fig.2. The arrows on the urves show the diretion
of time. As an be seen, there are three xed points, `A', `B', and `C' loated
at (x, y) = (0, 0), (1, 1− a), and (1/a, 0), respetively. Point `A' at the origin
is a non-isolated xed point. Point `C' is a saddle point. The only xed point
of interest is the point `B' whih is either a stable or unstable point depending
on values of α and a. We are also interested in this xed point as this is the
only point whih is in the positive quadrant as the variables x and y may take
only positive values. In what follows, we shall show that surrounding the xed
point `B', we an onstrut a positively invariant region [28℄ lying entirely in
the rst quadrant.
7
Figure 3. A positively invariant region for Eqs.(16) and (17).
3.1 Limit yle osillation
Consider now, a set of urves fi(x) given by the equations
f1(x) = 0, (18)
f2(x) = C
(
1
a
− x
)
, (19)
f3(x) =x
[
C
(
1
a
− 1
)
+ δ
]
− δ, (20)
f4(x) =D(1− x)2µ+1, (21)
where C an be a large positive number, δ is a small positive number, and D
and µ are positive arbitrary onstants. The nulllines of the Eqs.(16) and (17)
are given by the equations
x=1, (22)
y= x3/2−α(1− ax) = f(x). (23)
If we now span a region (see Fig.3) desribed by the set of urves fi(x)s
through the points (1, 0), (1/a, 0), (1, C(1/a − 1)), and (x′, y′)  the points
of intersetion of the urves fi(x) and f(x), (x
′, y′) being the ommon point
of intersetion of f3,4(x) and y = f(x), it an be shown by omparing the
slopes of the urves fi(x)s with that of the orbit desribed by Eqs.(16) and
(17), that the ow of the orbit of Eqs.(16) and (17) always rosses into the
losed region, antilokwise [28℄. Thus the ow of the orbit of Eqs(16) and
(17) is always bounded and the losed region in Fig.3 onstitutes a positively
invariant region for Eqs.(16) and (17). An example set of parameters for this
8
positively invariant region are a = 0.34, α = 1/2, C = 1, µ = 1, D = 0.923,
and δ = 1/2, the point (x′, y′) = (0.322, 0.287).
What needs to shown now is the fat that for the permitted parameter regime,
the xed point `B' is an unstable point. We linearize the set of equations (16)
and (17) around the xed point `B' = (1, 1 − a) and the eigenvalues of the
linear part of these equations at (1, 1− a) are
λ1,2 =
1
2
(
τ ±
√
τ 2 − 4∆
)
, (24)
where
τ =
3
2
− 5
2
a− α(1− a), (25)
∆= ρ(1− a), (26)
and the stability of the equilibrium point `B' depends on the values of τ and
∆. As ρ≫ 1 and a < 1, we an nd that the point `B' is an unstable spiral, if
a <
(
3/2− α
5/2− α
)
= ac, α <
3
2
= αc. (27)
The existene of the limit yle is now evident aording to the Poinaré-
Bendixson ondition [2℄.
The point `B' also beomes unstable for α > 5/2 provided a > 1, however
the latter is exluded by our physial onditions. As the growth rate of the
instability should be large enough to ause a sawtooth rash, ρ≫ 1. This also
ensures that the xed point `B' is an unstable spiral. Also, we observe that
as a → 1, α → ∞. In fat, at a = ac (for a ertain α < αc), a superritial
Hopf bifuration ours [2,28℄. The bifuration surfae for Eqs.(16) and (17) is
shown in Fig.4. Note the steepening of the surfae f(x, α), given by Eq.(23), as
α→ 3/2 and the disappearane of the xed point `A'= (0, 0) at the bifuration
point. In Fig.5, we show the limit yle for a set of parameters α = 1, a =
0.33, and ρ = 1. At the birth of the limit yle after the superritial Hopf
bifuration, the period of the limit yle is given by the Hopf period,
τHopf =
4π√
4∆− τ 2 ≈
2π√
ρ(1− a)
. (28)
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3.2 Loal and global stability of the limit yle
Though the phenomena of sawtooth osillations in magnetially onned plas-
mas suggests existene of a `driven-dissipation' type limit yle osillation,
experimentally observed sawtooth osillations are, in general, perturbed by
loal irregularities and utuations. As limit yles are usually haraterised
by a ow eld whih onverges to the yle everywhere, it is important to
lassify the orbital stability of the limit yle in order to emphasize its response
to noise.
The lassial method for studying orbital stability of limit yles involves
eigenvalues of the Poinaré map [29℄. Several other variants also exist in liter-
ature, for studying loal stability [30,31℄, among whih the most ommon one
is the theory of Floquet multipliers or the monodromy matrix method, where
one follows the short-time evolution of a small perturbation δx along the limit
10
yle. Another widely appliable method is assoiated with the diretion of
slowest deay [32℄. Here, we employ a method based on applying a small per-
turbation δx(t) to the non-stationary referene solution i.e. limit yle of the
ow x0(t) and following the diretions tangential and transverse to the ow
along the perturbed trajetory x(t) = x0(t) + δx(t) [33℄.
Consider the dynamial system
d
dt
x(t) = F [x(t)]. (29)
If the perturbations δx(t) are small enough, the evolution an be linearised
d
dt
δx = A δx, Aij =
(
∂Fi
∂xj
)
x0(t)
. (30)
The linearised system (30) is transformed from the xed basis x to the rotat-
ing, orthogonal basis x′ through a unitary rotation matrixU , δx′ = U δx, δx =
U−1 δx′, so that the linearised system (30) beomes
d
dt
δx′ = B δx′, (31)
where
B = UAU−1 +
dU
dt
U
−1. (32)
is the stability matrix.
For a two-variable system like ours [Eqs.(16-17)℄,
x˙= f(x, y), (33)
y˙= g(x, y), (34)
the stability matrix B is given by
B =

 λtt λtn
λnt λnn

 , (35)
where
11
λtt= [f
2fx + g
2gy + fg(fy + gx)]/(f
2 + g2), (36)
λtn= [(g
2 − f 2)(fy + gx) + 2fg(fx − gy)]/(f 2 + g2), (37)
λnt=0, (38)
λnn= [f
2gy + g
2fx − fg(fy + gx)]/(f 2 + g2). (39)
are the rates of onvergene of the ow from the perturbed trajetory into the
limit yle. Parameter λnn represents the rate of onvergene normal to the
ow and λtt represents onvergene tangential to the ow, whih essentially
averages to zero over a full yle. The tangential and normal perturbations are
only partially oupled as λnt = 0, whih means that a tangential perturbation
remains tangential whereas a normal perturbation ouples to the tangential
perturbations (nonzero λtn). So a perturbation is unstable or stable depending
on whether λij is positive or negative. The global stability measures an be
found out from the Lyapunov exponent, whih an be obtained by phase
averaging the λijs over an orbit with period T [33℄,
Λij =
1
T
∮
λij(φ) dφ, (40)
orresponding to a partiular perturbation. A negative Λ would imply global
stability. In pratie we use a disretised version of Eq.(40),
Λij =
1
m
m∑
k=1
λij(t0 + k∆t), m∆t = T. (41)
In Fig.6, we show the stability properties of the limit yle osillation of
Eqs.(16-17) for a set of parameters α = 1, a = 0.33, and ρ = 100, whih
produes a relaxation type osillation (see Fig.8). As one an see that the
limit yle onsists of unstable and stable parts orresponding to the normal
perturbations. The limit yle is globally stable as indiated by the global
stability parameter, the Lyapunov exponent Λnn = −0.00431. The plot of
Λtt shows the tangential stability whih is essentially due to aeleration and
deeleration of the ow showing a relaxation mehanism. As expeted, the
average Λtt ≈ 0 within the omputational auray. The oupling matrix ele-
ment λtn represents the eet of perpendiular perturbation on the osillator
phase. During λtn > 0, the perpendiular perturbation leads to advanement
of the phase of the osillator and λtn < 0 indiates a phase delay.
3.3 Equation of the limit yle
In this subsetion, we nd out an equation for the limit yle enlosing the
ritial point `B' in terms of a series expansion. Here, we employ a method due
12
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Figure 6. Loal and global stability of the limit yle of Eqs.(16-17) away from the
Hopf bifuration point. Clokwise from top, in the rst plot, the unstable (dotted)
and stable (solid) parts of the limit yle in the phase plane are shown. The variations
of λnn, λtn, and λtt are shown over one phase of the limit yle in the seond, third,
and fourth plots.
to Giaomini and Viano [34℄, whih is based on the fat that if we onsider
the partial dierential equation
P
∂V
∂x
+Q
∂V
∂y
=
(
∂P
∂x
+
∂Q
∂x
)
V, (42)
orresponding to the two-dimensional dynamial system
x˙ = P (x, y), y˙ = Q(x, y), (43)
there exists a unique onvergent power series solution of Eq.(42) in some region
R ontaining a non-degenerate ritial point P0 of node or fous (spiral) type
and that this solution satises
V (x, y) = 0 (44)
on any limit yle ontained in R whih enloses P0. In our ase, the equations
(16) and (17) have an isolated limit yle enlosing the ritial point loated
at (1, 1 − a). We have already seen that subjet to the onditions (27), the
equilibrium point `B' is an unstable spiral. Therefore, there exists a unique
series solution of Eq.(42).
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As the ases, where an expliit series solution an be alulated analytially,
are limited to polynomial forms for the funtions P (x, y) and Q(x, y), we write
the Eqs.(16,17) with a transformation of variable x→ x2, so that our system
of dynamial equations beome
x˙=
1
2
x2(1− ax2)− 1
2
x2α−1y, (45)
y˙= ρ(x2 − 1)y. (46)
Without loss of any generality, the onstant α an be set to unity, for whih,
the right hand sides of Eq.(45,46) beome polynomials in x and y. Following
Giaomini and Viano [34℄, we now look for a power series
V (x, y) =
∞∑
n=0
vn(x, y), (47)
where vn(x, y) is a homogeneous polynomial of degree n,
vn(x, y) =
n∑
k=0
cn−k,kx
n−kyk. (48)
In pratie, we work on the trunated sum
V (x, y) =
N∑
n=0
vn(x, y), (49)
at order N and try to solve for the oeients cn−k,k from set of simultaneous
equations generated from partial derivatives of Eq.(42) evaluated at the ritial
point P0 = (1, 1− a). The equation of the limit yle is thus given by
V (P0) = 0. (50)
For a set of parameters α = 1, a = 0.33, and ρ = 1, satisfying onditions
(27), we alulate the oeients cn−k,k with the help of the omputer algebra
system of Waterloo Maple [35℄ and nd that a lose urve fairly oiniding
the numerially alulated limit yle exists for an order as low as N = 8.
The orresponding urves of the the limit yle are shown in Fig.7. Note that
the value of ρ = 1 does not neessarily produe a sawtooth, we however have
hosen this value so as to nd a lose urve for V (x, y) at the lowest possible
order. The orresponding oeients cn−k,k are tabulated in Table.1.
For the sake of ompleteness, we review the equivalent Hamiltonian approxi-
mation of Eqs.(16) and (17), in the Appendix.
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Table 1
The oeients cn−k,k for order N = 8.
c8,0 1.0 c4,1 84.977 c5,3 −2.945 c3,5 0.037
c7,0 −6.724 c3,1 −89.203 c4,3 17.662 c2,5 −0.494
c6,0 19.626 c2,1 56.673 c3,3 −50.909 c1,5 −5.958
c5,0 −32.122 c1,1 −16.609 c2,3 60.445 c0,5 −11.421
c4,0 31.508 c6,2 −1.691 c1,3 −28.992 c2,6 0.003
c3,0 −17.578 c5,2 12.896 c0,3 −5.502 c1,6 3.010
c2,0 4.296 c4,2 −43.927 c4,4 −1.795 c0,6 8.242
c1,0 0.0 c3,2 90.659 c3,4 10.090 c1,7 −0.550
c7,1 −2.723 c2,2 −96.759 c2,4 −13.801 c0,7 −3.522
c6,1 17.608 c1,2 44.352 c1,4 12.472 c0,8 0.658
c5,1 −51.146 c0,2 −2.460 c0,4 10.162
x
y
1.151.11.0510.950.90.85
0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
0.45
0.4
Figure 7. The limit yle for Eqs.(32) and (33) as determined by the Eq.(37) (open
irles) and numerially alulated one (solid).
4 Relaxation osillation and sawtooth disruptions
Relaxation osillations are haraterized by two very dierent time sales.
As we an see from the phase portrait of Eqs.(16,17) in Fig.2, relaxation
osillation, if any, must be away from the Hopf bifuration point i.e. a = ac.
So, we must push the system toward the boundary of the invariant region,
dened by the equilibrium points `A' and `C', around the bifuration point
(1, 1−a). At the same time, it must be noted that far away from the bifuration
point i.e. for a≪ ac, the orbit of the limit yle will be swept away in the ow
around the saddle point `C'.
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Figure 8. Limit yle, relaxation osillation (sawtooth) of Eqs.(16) and (17). The
parameters in this partiular ase are α = 1, a = 0.33, and ρ = 100.
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Figure 9. The phase diagram of the limit yle (the thin losed urve) orresponding
to the sawtooth osillations shown in Fig.8. The fast and slow manifolds are shown
in thik lines.
A sawtooth trigger is aused by a sudden inrease in a fast variable (y), as
have already been pointed out in Se.II, whih remains almost lose to zero
for the rest of the sawtooth yle. This ensures an almost linear rise of the
sawtooth i.e. in the slow variable, the variable x, in our ase. As shown in
Fig.8, Eqs.(16,17) do indeed exhibit relaxation osillations of sawtooth-type
for an appropriate set of parameters. The phase diagram of the orresponding
limit yle is shown Fig.8. As expeted the fast variable y remains nearly zero
for most of the time exept for a vary short time, when it attains very high
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value, whih auses the sawtooth rash.
The physial mehanism of this relaxation osillation an be understood in
terms of similar osillations in model sandpile [36℄. The orresponding variable
in ase of a sandpile is φ(x), the height of the pile at a position x. When sand
is ontinuously added at the top of the pile, an instability ours when the
loal slope of the pile beomes too large (∇φ greater than a ritial value),
ausing an avalanhe, whih onsists of rearrangements on the surfae of the
pile. In ase of sawtooth osillation, energy from the soure ows at the rate
∼ x3/2−α [see Eq.(16-17)℄, ausing the temperature to rise steadily, whih then
triggers an `avalanhe' after the temperature rises above a ritial value.
4.1 The slow and fast manifolds
On the limit yle, if we start from a point x < 1 on the slow manifold (see
Fig.9), the damping term in Eq.(16) i.e. (xαy) remains very small as y ≈ 0. As
the onstant a < 1, dx/dt remains positive and the slow variable x inreases
in time. At the same time dy/dt < 0 and y further dereases as long as x < 1.
However as x inreases beyond unity, dy/dt beomes positive and y inreases
as ∼ exp(t2), whih auses the damping term in Eq.(16) to dominate over
the growth term, triggering a rash. As soon as x again falls below unity, y
rapidly drops [see Eq.(17)℄ and the whole yle repeats. We expet that in
the parameter region where this relaxation osillations our, the sawtooth
growth time (τst) should be independent of the growth rate of the instability
ρ≫ 1, whereas, the sawtooth rash time (τc) should be ∝ ρ−1.
To examine further, we note that on the slow manifold we an hange the sale
by introduing a small quantity ǫ whih denes the fast time sale t′ = t/ǫ.
As the growth rate ρ an be large and y ≈ 0 on the slow manifold, resaling
them as
y = ǫη, ρ = δ/ǫ, (51)
we an write Eqs.(16,17) as
x˙= x3/2(1− ax)− ǫxαη, (52)
ǫy˙= δ(x− 1)η. (53)
Taking the limit ǫ→ 0, we obtain the slow manifold as
y=0, (54)
x˙= x3/2(1− ax), (55)
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so that the sawtooth period is essentially given by the time that the variable
spends on the slow manifold,
τst ≃
x2∫
x1
dx
x3/2(1− ax) , (56)
where x1,2 are the points of intersetion of the limit yle with the nullline
y = f(x) [see Eq.(23)℄. As the drop in eletron temperature i.e. ∆Te ≪ 1
during a sawtooth rash, so is the drop in the orresponding dynamial variable
∆x and hene the amplitude of the sawtooth osillation. Expanding Eq.(56)
around the mean value of x = 1, we an further estimate the sawtooth period
in terms of its amplitude,
τst ∼ (1− a)∆x. (57)
On the fast manifold, as y an attain large values, saling y as η/ǫ and time t
as t′ǫ, we have from Eqs.(16,17),
x′= ǫx3/2(1− ax)− xαη, (58)
η′= δ(x− 1)η, (59)
where the (′) denotes derivatives with respet to the fast time sale t′. We
obtain the fast manifold by letting ǫ→ 0,
x˙=−xαy, (60)
y˙= ρ(x− 1)y, (61)
whih is essentially given by
y = ρ(ln x− x+ 1) + ym, (62)
for α = 1, ym being the maximum value of y on the fast manifold whih ours
at x = 1. Both these manifolds are shown in Fig.9. The sawtooth rash time
τc an be approximately estimated from Eq.(59) and (61),
τc ≃
x1∫
x2
dx
x[ρ(ln x− x+ 1) + ym] . (63)
As expeted, in the parameter spae of relaxation osillation (ρ ≫ 1), the
sawtooth period is essentially independent of the growth rate ρ while the
rash time is inversely proportionate to it (see Fig.10). Note that with the
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Figure 10. As ρ beomes ≫ 1, the sawtooth period τst beomes independent of ρ.
The rash time τc however remains inversely proportionate to ρ, τc ∝ ρ−p. The
dotted lines are the tted urves for τc and τ = τst + τc with the index p = 0.6 and
0.5, respetively.
index p = 0.5, the total repetition time of the sawtooth τ = τst + τc losely
follows the Hopf period as given by Eq.(28) when the osillations remain purely
sinusoidal for ρ ∼ 1.
4.2 Simulations of sawteeth
In Fig.11, we show the reprodution two sets of sawtooth osillations from the
Alator C-Mod tokamak at MIT [22℄, whih has an eetive major and minor
radius of 0.68m and 0.22m. For the two experimental shots, (a) Shot No.
#960130034 and (b) #960127012, the threshold temperatures Ts are taken to
be the average temperatures of the sawteeth, whih are, 1.7 and 1.4 keV. The
sawtooth time periods are respetively 4.63 and 3.6 milliseonds. The onstant
applied eletri eld is given by E‖ = 0.291 and 0.352 volt/m whih orrespond
to the Ohmi soure term SOh ≃ 83.08 and 62.09 s−1 for the value of Coulomb
logarithm ln Λ ≃ 17. The parallel plasma ondutivity orresponding to the
threshold temperature Ts is given by
σs‖ = 9.71× 103Zeff ln Λ T 3/2s . si/m (64)
The temperature drop ∆Te during the sawtooth rash are 0.18 and 0.14KeV,
for these two ases. The line-averaged plasma density in the Alator C-Mod is
between 1× 1020 and 3× 1020m−3 and we assume a onstant plasma density
of 1020m−3 during these simulations. The Zeff is taken to be ∼ 1.
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Figure 11. Approximate representation of two sets of experimental sawtooth osilla-
tions. The numerial solutions of Eqs.(16) and (17) (thik solid lines) are superim-
posed on the atual experimental data (the zig-zag lines).
In these simulations, the parameter regime is ditated by the value of variable
a in Eq.(16), whih is determined from the experimental parameter to be
≃ 0.506 and 0.285 in SI units, for the shots (a) and (b). The values of the
index α are hosen so as to get the desired relaxation osillation with a given
growth rate ρ. In the ases shown in Fig.11, the values of α are taken to be
0.42 and 1.1, respetively with the dimensionless growth rate ρ = 2000, in
both ases.
5 The invariant manifold
In this setion, we onstrut the invariant manifold of Eqs.(16) and (17), using
the renormalization-group (RG) method [37℄ and show that it is indeed the
slow manifold whih governs the linear rise of the eletron temperature in the
sawtooth on the limit yle. It has been shown elsewhere that the RG method
an be applied to ontinue the unperturbative solutions of evolution equations
valid loally around an arbitrary initial value t = t0, smoothly to an arbitrary
time t onstruting the envelope of the perturbative solutions [38℄.
With the resaling of the variables, we write Eqs.(16,17) as in Eqs.(45,46)
x˙= x2(1− ax2)− xy, (65)
y˙= ρ(x2 − 1)y. (66)
where we have resaled the variables t → 2t and ρ → ρ/2. Without loss
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of any generality we have assumed that α = 1. We further make a sale
transformation
x = ǫξ, y = ǫη, (67)
where ǫ is a small and arbitrary parameter. The evolution equations now read
ξ˙= ǫξ2(1− aǫ2ξ2)− ǫξη, (68)
η˙= ρ(ǫ2ξ2 − 1)η. (69)
We now try to onstrut a perturbative solution u(t; t0) of the above equations
around some initial time t = t0,

 ξ
η

 = u(t; t0)=u0(t; t0) + ǫu1(t; t0)
+ǫ2u2(t; t0) +O(ǫ2). (70)
The dierential equations at suessive orders to be solved are given as
(∂t − A)u0(t; t0)= 0, (71)
(∂t − A)u1(t; t0)= (ξ20 − ξ0η0)U2, (72)
(∂t − A)u2(t; t0)= (2ξ0ξ1 − ξ1η0)U2
+ρξ20η0U1, (73)
orresponding to the zeroth, rst, and seond orders. In the above equations,
A =

 0 0
0 −ρ

 (74)
with eigenvalues (−ρ, 0) orresponding to the eigenvetors U1 = (0, 1)t and
U2 = (1, 0)
t
. The zeroth order solution is given by
u0(t; t0) = c1(t0)U2 + c2(t0)e
−ρtU1. (75)
The rst and seond order solutions are respetively
u1(t; t0)=
c1(t0)
2
(∂t − A)U2 −
c1(t0)c2(t0)
(∂t − A) e
−ρtU2, (76)
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= c1(t0)
2(t− t0)U2
+
1
ρ
c1(t0)c2(t0)(e
−ρt − e−ρt0)U2, (77)
u2(t; t0)=
t∫
t0
ds (2c1(t0)− c2(t0)e−ρt)
×
[
c1(t0)(s− t0)
+
1
ρ
c1(t0)c2(t0)(e
−ρt − e−ρt0)
]
U2. (78)
Finally, the RG equation ∂u(t; t0)/∂t0|t0=t = 0 yields
c˙1(t)− ǫc1(t)
(
c1(t)− c2(t)e−ρt
)
=0, (79)
c˙2(t)− ǫ2ρc1(t)c2(t)= 0. (80)
Note that we have retained terms only up to the rst order in the rst of the
above equations. On the limit yle, we solve the above equations, Eqs.(79,80)
for c1,2(t) and with t→∞. Thus, from Eq.(70), the invariant manifold an be
onstruted as,
ξ(t; t) =
1
C1 − ǫt , η(t; t) = 0, (81)
with C1,2 as onstants of integration. So, this invariant manifold in terms of
variable x and y in Eqs.(16) and (17) is given by,
x ∼ ǫ
2
C21
(
1 +
2ǫt
C1
)
, y ∼ 0, (82)
whih essentially is the slow manifold given by Eqs.(54) and (55) in Se.IV.
6 Conlusion
To onlude, we have proposed a minimal dynamial model for the sawtooth
osillations in urrent arrying plasmas e.g. tokamak plasmas. This model,
based on the assumption that the sawtooth is triggered due to a thermal in-
stability whih ejets the plasma, shows relaxation osillations on an isolated
limit yle. We have further shown that the invariant manifold of this model
is indeed the slow manifold of the relaxation osillation. The persistent be-
haviour of the sawtooth osillation aross dierent tokamaks indiate that a
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dynamial model based on limit yle osillation is onsistent in ontrast to
the Hamiltonian models.
We note that, the Hopf bifuration, whih is the key to the limit yle behav-
ior, around an unstable equilibrium point is based on a linear theory, whih
does not always predit the behaviour of the orresponding nonlinear model.
However, in this ase, numerial simulations seem to be in agreement with the
predited bifuration analysis.
Aknowledgements
The authors would like to thank the anonymous referees for suggesting several
improvements inluding addition of subsetion overing the stability analysis
of the limit yle.
Appendix
Hamiltonian formalism
In this Appendix, we review the equivalent Hamiltonian approximation of
Eqs.(16) and (17) [15,16℄. As an be shown that, a Hamiltonian for Eqs.(16)
and (17) exist only for a = 0 and α = 3/2, and the equations beome
x˙= x(3/2)(1− y), (83)
y˙= ρ(x− 1)y. (84)
In this ase, the Hamiltonian of the system an be expressed as
H =
p∫
ρ
(
4
p2
− 1
)
dp+
q∫
(eq − 1) dq, (85)
with the equivalent Hamilton's equations as
dq
dt
=
∂H
∂p
,
dp
dt
= −∂H
∂q
. (86)
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The equivalent onjugate variables i.e `position' and `momentum' are, respe-
tively, given by,
q = ln y, p = −2/√x. (87)
The Hamiltonian formalism ensures periodi orbits desribed by the family of
urves desribed by the dierential equation,
dy
dx
=
ρ(x− 1)y
x3/2(1− y) , (88)
whih are losed. However, depending on the initial onditions of evolution,
there an be several possible orbits rather than an unique one. Note that
the Eqs.(83,84) are similar in nature to the famous Volterra's predator-prey
system [2℄.
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